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Abstract
The anomaly cancelation method proposed by Wilczek et al. is applied to the black holes of
topologically massive gravity (TMG) and topologically massive gravito-electrodynamics (TMGE).
Thus the Hawking temperature and fluxes of the ACL and ACGL black holes are found. The
Hawking temperatures obtained agree with the surface gravity formula. Both black holes are
rotating and this gives rise to appropriate terms in the effective U(1) gauge field of the reduced
(1+1)-dimensional theory. It is found that the terms in this U(1) gauge field correspond exactly to
the correct angular velocities on the horizon of both black holes as well as the correct electrostatic
potential of the ACGL black hole. So the results for the Hawking fluxes derived here from the
anomaly cancelation method, are in complete agreement with the ones obtained from integrating
the Planck distribution.
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I. INTRODUCTION
Hawking radiation is perhaps the most prominent effect of quantum gravity. There are
various derivations, including Hawking’s original one [1] calculating Bogoliubov coefficients,
which have shown that the radiation is thermal with a blackbody spectrum at a temperature
given by the surface gravity, TH = κ/2π. Derivations have been found also using Euclidean
quantum gravity [2] and in string theory [3]. A derivation using semiclassical methods
(WKB) in a tunneling picture has been proposed by Parikh and Wilczek in [4] (see also [5]).
Recently, a new method for calculating Hawking radiation from the horizon of black
holes has been developed by Robinson and Wilczek [6] and by Iso, Umetsu, and Wilczek
[7, 8]. The new method ties the existence of Hawking radiation to quantum anomalies at the
horizon of black holes. More precisely, it is argued that gauge and gravitational anomalies
at the horizon can account for the Hawking fluxes of the black hole. The key step, the
one that needs to be carried out separately for each black hole case, is the dimensional
reduction of the scalar field action in the black hole background considered in the method.
That is, one considers a complex scalar field in the black hole background and reduces its
action near the horizon to a collection of 1+ 1 dimensional fields. Then using the ideas and
calculations in [6] one obtains the Hawking temperature TH from the anomalies cancelation
viewpoint. Furthermore, using the analysis carried out in [7, 8] one may also find the specific
Hawking fluxes of the energy-momentum, angular momentum (if the black hole is rotating)
and electric charge (if the black hole is charged).
During recent intense work the method proposed by Wilczek et al. [6, 7, 8] has been
successfully applied to various black objects [9], including the newly obtained black holes of
five-dimensional minimal gauged supergravity [10]. In the direction of further extending the
method, higher spin currents were studied under conformal transformations to obtain the
full thermal spectrum of Hawking radiation [11]. An interesting point raised in [7] was that
while it is the consistent form of the anomalies that is canceled, the boundary condition
employed at the horizon is the vanishing of the covariant form of the current. Following
up, in [12] a variant of the original method was proposed in which only covariant forms
of the anomalies are used and all its applications [13] have confirmed the results obtained
in the corresponding papers in [9]. For a discussion of the relative merits of these various
approaches see [14]. In this Letter however, as we are primarily concerned on applying the
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method to new black holes, we will follow the original approach of [6, 7, 8] only. For other
related work on the subject see also [15].
In this Letter we apply the anomalies cancelation method to obtain the Hawking tem-
perature and fluxes of black holes of topologically massive gravity [16]. Three-dimensional
topologically massive gravity (TMG) with a negative cosmological constant, Λ = −1/ℓ2, is
known to admit two types of black hole solutions: the Einstein BTZ black hole [17] which
solves trivially the TMG equations of motion and the recently obtained non-Einstein black
hole given in [20]. For the case of the BTZ black hole accounts on applying the anomalies
cancelation method may be found in [18]. We will thus concentrate only on the non-Einstein
black holes of TMG. The first solution with a vanishing cosmological constant was recently
found in [19] and the ACL black hole with negative cosmological constant which we are
going to consider in this Letter is given in [20]. We will also analyze the case of the ACGL
black hole [23] which is the corresponding newly obtained solution in topologically massive
gravito-electrodynamics (TMGE).
The rest of the Letter is as follows. In Section II we derive the fluxes of Hawking radiation
from general charged rotating black holes by integrating the Planck distribution. This
will serve as a reference for comparing with our result obtained later using the anomalies
cancelation method. In Section III we apply the anomalies cancelation method, following
[6, 7, 8], to the ACL black hole and derive its Hawking temperature and fluxes of energy-
momentum tensor and angular momentum. We find agreement of the results with the surface
gravity formula for the temperature and the results of section II for the fluxes. In Section
IV we do the same for the ACGL black hole, also finding its charge flux. The results are
again consistent with our expectations. Section V is devoted to conclusions and discussions.
II. BLACKBODY RADIATION
In order to compare with our results from anomalies cancelation later, let us here calcu-
late the Hawking fluxes one obtains from integrating the Planck distribution for a general
rotating black hole with a nontrivial electromagnetic background gauge field A. The appro-
priate chemical potentials for fields radiated with an azimuthal angular momentum m and
an electric charge e are the horizon angular velocity ΩH and the corotating electrostatic po-
tential Φ respectively. For fermions, the Planck distribution for blackbody radiation moving
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in the positive r direction at a temperature TH is given by,
Ne,m(ω) =
1
e(ω−eΦ−mΩH )/TH + 1
. (1)
We consider only fermions in order to avoid superradiance [8]. From the above distribution
and including the contribution from the antiparticles, we find the following Hawking fluxes
of electric charge, angular momentum, and energy-momentum tensor respectively:
FQ = e
∫
∞
0
dω
2π
(Ne,m(ω)−N−e,−m(ω)) = e
2π
(eΦ +mΩH) , (2)
Fa = m
∫
∞
0
dω
2π
(Ne,m(ω)−N−e,−m(ω)) = m
2π
(eΦ +mΩH) , (3)
FM =
∫
∞
0
dω
2π
ω (Ne,m(ω) +N−e,−m(ω)) =
1
4π
(eΦ +mΩH)
2 +
π
12
T 2H . (4)
It should be emphasized that the above fluxes are so observed by a static observer at fixed
radius r close to the horizon: the radiation is purely thermal only at the horizon. This emis-
sion when propagated to infinity experiences the effective potential due to spatial curvature
outside the horizon and thus the spectrum of the radiation observed at infinity is modified
to that of a three-dimensional grey body at the Hawking temperature [6, 7, 8]. For asymp-
totically flat space-times it is often said loosely that the Hawking fluxes observed at infinity
are thermal if one ignores the grey body factor. The black holes we are going to consider
in this Letter are not asymptotically flat and hence due to spatial curvature at infinity, the
fluxes above do not coincide with the ones observed at infinity even if one ignores the grey
body factor.1
In the following sections we shall derive the above fluxes at the horizon of ACL and ACGL
black holes using the gravitational anomalies cancelation method. We will follow [6, 7, 8]
which derived the fluxes in the Unruh vacuum and only for an observer at the horizon (i.e.
we neglect the grey body factor at infinity).
1 I am grateful to the anonymous referee for raising the point and to Frank Wilczek and Sean Robinson for
helping clarify my understanding on this.
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III. ACL BLACK HOLE
ACL black hole is a rotating black hole solution to three-dimensional topologically massive
gravity (TMG) described by the action
ITMG = IE + ICS (5)
where IE is the Einstein action,
IE =
1
16πG
∫
d3x
√−g(R− 2Λ), (6)
and ICS is the gravitational Chern-Simons action,
ICS =
1
32πGµ
∫
d3x
√−g ελµνΓρλσ
(
∂µΓ
σ
ρν +
2
3
ΓσµτΓ
τ
νρ
)
. (7)
Here 1/µ is the Chern-Simons coupling constant, εµνρ is the Levi-Civita tensor (tensor
density given by ǫ/
√−g with ǫ012 = +1), and G is the gravitational constant which may be
taken both positive or negative. The metric of the ACL black hole, in ADM form, is given
by [20]
ds2 = −N2dt2 + r2(dϕ+Nϕdt)2 + dρ
2
ζ2r2N2
, (8)
where
r2 = ρ2 + 2ωρ+ ω2(1− β2) + β
2ρ20
1− β2 , (9)
N2 = β2
ρ2 − ρ20
r2
, (10)
Nϕ = −ρ+ (1− β
2)ω
r2
, (11)
and
β2 =
1
4
(
1− 27Λ
µ2
)
, ζ =
2
3
µ. (12)
Regular black holes with finite temperature are obtained in the range 0 < β2 < 1, ρ0 > 0,
and ω > −ρ0/
√
1− β2 (ω 6= ρ0/(1− β2)). The two horizons are at ρ = ±ρ0 with the outer
ρ = ρ0 being the event horizon (henceforth called the horizon). The two parameters ω and
ρ0 are related to the black hole mass and angular momentum.
ACL black holes are so far the only known non-Einstein regular black hole solutions
of TMG. They were also obtained (in different coordinates) in [21] where they are called
“spacelike stretched black holes.” These black holes are asymptotic to warped AdS3 and it
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has been shown that they are quotients of warped AdS3 under a discrete subgroup of the
isometry group [21], just as BTZ black holes are quotients of AdS3 [22].
Consider a scalar complex field in the ACL background. The free part of the action is
S = −
∫
d3x
√−g gµν∂µφ∗ ∂νφ = 1
ζ
∫
dt dρ dϕφ∗
[
− 1
N2
∂2t + ζ
2∂ρ r
2N2∂ρ
+
(
1
r2
− N
ϕ2
N2
)
∂2ϕ + 2
Nϕ
N2
∂t∂ϕ
]
φ. (13)
To study the near horizon theory, ρ → ρ0, it is most convenient to transform first to a
“tortoise” like coordinate. In our case if we first transform to the ρ∗ coordinate defined by
dρ = ζrN2dρ∗, (14)
and then take the near horizon limit ρ→ ρ0 (i.e. N2 → 0) we obtain,
S ≈
∫
dt dρ∗ dϕ r φ
∗
[−∂2t + ∂2ρ∗ −Nϕ2∂2ϕ + 2Nϕ∂t∂ϕ]φ. (15)
Then by expanding the complex field φ as
φ =
∑
m
φm(ρ∗, t) e
imϕ, (16)
we may integrate out the ϕ dependence to find that
S ≈
∑
m
2π
∫
dt dρ∗ r φ
∗
m
[−∂2t + ∂2ρ∗ +m2Nϕ2 + 2imNϕ∂t]φm
=
∑
m
2π
∫
dt dρ∗ r φ
∗
m
[− (∂t − imNϕ)2 + ∂2ρ∗]φm. (17)
The last implies that the near horizon theory has been reduced to an infinite collection of
massless 1 + 1 dimensional fields labeled by the quantum number m. Indeed, transforming
back to the original (ρ, t) coordinates, to each of the fields φm corresponds the action:
Sm =
∫
dt dρ r φ∗m
[
− 1
ζrN2
(∂t − imNϕ)2 + ∂ρ ζrN2∂ρ
]
φm.
That is, each φm can be considered as a 1+1 complex scalar field in the backgrounds of the
dilaton Ψ = r, metric
ds2 = −f(ρ)dt2 + 1
f(ρ)
dρ2 , where f(ρ) =
dρ
dρ∗
= ζrN2 (18)
and U(1) gauge potential
At = mNϕ, Aρ = 0. (19)
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The effective U(1) gauge symmetry here has its roots in the axial isometry of the ACL black
hole in the first place. Also note that any possible mass or interaction terms in the full
action would have been trivially suppressed in the near horizon limit too, since they would
all be multiplied by a factor f in the tortoise coordinates.
At this point we impose the constraint that the classically irrelevant ingoing modes vanish
near the horizon and thus the theory becomes chiral. Hence anomalies arise which, as will
be shown, may account for the Hawking fluxes of the black hole.
In particular, it was shown in [6] that for a metric of the form (18), the (purely timelike)
anomaly for the energy-momentum tensor at the horizon accounts for a flux of massless
blackbody radiation at the temperature TH =
1
4pi
∂ρf |ρo. Thus it follows that the Hawking
temperature of the ACL black hole is given by
TH =
1
4π
∂ρf |ρo =
1
4π
ζr∂ρN
2|ρo =
µβ2
3π
ρo
rh
, (20)
where rh = r(ρ0) = [ρ0 + (1 − β2)ω]/
√
1− β2. This result agrees with the one given in
[20] where the Hawking temperature was calculated as the surface gravity at the horizon
κ = nρ∂ρN |ρ0 (where nρ =
√
gρρ = ζrN) divided by 2π.
In [7, 8] fluxes of angular momentum, electric charge (if there is one) and energy-
momentum tensor were computed from gauge and gravitational anomalies at the horizon,
by deriving and solving the Ward identities with appropriate boundary conditions corre-
sponding to the Unruh vacuum. The boundary conditions employed were vanishing of the
radial component of the covariant current at the horizon and also (implicitly) vanishing of
ingoing current at radial infinity [8]. The second amounts to setting the integration constant
kr, which arises in solving the Ward identity for the contribution of the ingoing modes Kr,
equal to zero.
Very recently, a modification of the derivation of the fluxes was proposed in [26] which
does not set the integration constant kr equal to zero. Instead, working with kr arbitrary, the
fluxes are derived using conformal field theory techniques and a different set of boundary
conditions which again correspond to the Unruh vacuum. In particular, it is shown in
[26] that in order to derive the fluxes corresponding to U(1) current one has to consider
not only the gauge anomaly but also the chiral anomaly and similarly in order to derive
the energy-momentum flux one needs to consider the trace anomaly too (in addition to
the gravitational anomaly for the energy-momentum tensor). Then, given the appropriate
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boundary conditions employed in [26] the same fluxes as in [8] are derived for the Unruh
vacuum.
Since in this Letter we are primarily interested in the application of the method to new
black holes we will not review the details of either derivation but rather use the end results
for the flux formulas. It is found that for a metric of the form (18) and with an effective
U(1) gauge potential as in (19) the fluxes of angular momentum and energy-momentum are
[8, 26]
−m
2π
At(ρ0) and 1
4π
A2t (ρ0) +N rt (ρ0)
respectively, with N rt = (f
′2
+f f
′′
)/192π. We thus find that the flux of angular momentum
for the ACL black hole, corresponding to the gauge anomaly, is
− m
2π
At(ρ0) = −m
2
2π
Nϕ(ρ0) =
m2
2π
ΩH , (21)
where ΩH = −Nϕ(ρ0) is the angular velocity at the horizon, and the flux of energy-
momentum corresponding to the gravitational anomaly is
1
4π
A2t (ρ0) +N rt (ρ0) =
m2
4π
Nϕ(ρ0)
2 +
1
192π
(∂ρf)
2|ρ0 =
m2
4π
Ω2H +
π
12
T 2H . (22)
We thus find that the Hawking fluxes derived from anomalies cancelation method for the
ACL black hole (21,22) agree with those calculated from integrating the thermal spectrum
in (3,4), as clearly Φ = 0 for the ACL black hole.
IV. ACGL BLACK HOLE
ACGL black hole is a solution to three-dimensional topologically massive gravito-
electrodynamics (TMGE), that is, three-dimensional Einstein-Maxwell theory with both
gravitational and electromagnetic Chern-Simons terms. It is described by the action
ITMGE = IE + IM + ICSG + ICSE (23)
where IE and IM are the Einstein and Maxwell actions respectively,
IE =
1
16πG
∫
d3x
√−g(R − 2Λ), (24)
IM = −1
4
∫
d3x
√−g gµνgρσFµρFνσ, (25)
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and ICSG and ICSE are the gravitational and electromagnetic Chern-Simons actions respec-
tively,
ICSG =
1
32πGµG
∫
d3x
√−g ελµνΓρλσ
(
∂µΓ
σ
ρν +
2
3
ΓσµτΓ
τ
νρ
)
, (26)
ICSE =
µE
2
∫
d3x
√−g εµνρAµ∂νAρ. (27)
Here the Chern-Simons coupling constants are 1/µG and µE . The metric of the ACGL black
hole, in ADM form, is given by equations (8−11) with [23]
β2 =
1− 2λ− 4Λ/µ2E
2(1− λ) , ζ = µE, and λ =
µE
2µG
. (28)
Generic regular black holes with finite temperature are obtained for 0 < β2 < 1 and ρ0 > 0.
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The two horizons are at ρ = ±ρ0 with the outer ρ = ρ0 being the event horizon (henceforth
called the horizon) and the two parameters ω and ρ0 are related to the black hole mass and
angular momentum. Present is also a gauge electromagnetic potential given by
A = Atdt+ Aϕdϕ, (29)
where
At = ±
√
3λ− 1
8πG
(1− β2) and Aϕ = ∓
√
3λ− 1
8πG
(
ρ+ (1− β2)ω) . (30)
For this electromagnetic potential to be real the Chern-Simons coupling constants should
obey appropriate bounds: if the gravitational constant G is taken to be positive then we
should have µE/µG > 2/3, otherwise if G is negative then µE/µG < 2/3.
Considering a scalar complex field in the ACGL background we have the free part of the
action
S = −
∫
d3x
√−g gµν(Dµφ)∗Dνφ = 1
ζ
∫
dt dρ dϕφ∗
[
− 1
N2
D2t + ζ
2∂ρ r
2N2∂ρ+
+
(
1
r2
− N
ϕ2
N2
)
D2ϕ + 2
Nϕ
N2
DtDϕ
]
φ, (31)
where Dt = ∂t + ieAt and Dϕ = ∂ϕ + ieAϕ and e is the electric charge of φ. Transforming
to the tortoise coordinate (14) and taking the near horizon limit we find,
S ≈
∫
dt dρ∗ dϕ r φ
∗
[−D2t + ∂2ρ∗ +Nϕ2D2ϕ − 2NϕDtDϕ]φ. (32)
2 We have set the time scale parameter in [23] to
√
c = 1.
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Then by expanding the field φ as in (16) we may integrate out the ϕ dependence to find
that
S ≈
∑
m
2π
∫
dt dρ∗ r φ
∗
m
[−(Dt − ieAϕNϕ − imNϕ)2 + ∂2ρ∗]φm. (33)
The last implies that the near horizon theory has been reduced to an infinite collection of
massless 1 + 1 dimensional fields labeled by the quantum number m. Indeed, transforming
back to the original (ρ, t) coordinates, to each of the fields φm corresponds the action:
Sm =
∫
dt dρ r φ∗m
[
− 1
ζrN2
(∂t + ie(At −NϕAϕ)− imNϕ)2 + ∂ρ ζrN2∂ρ
]
φm.
That is, each φm can be considered as a 1+1 complex scalar field in the backgrounds of the
dilaton Ψ = r, metric
ds2 = −f(ρ)dt2 + 1
f(ρ)
dρ2 , where f(ρ) =
dρ
dρ∗
= ζrN2 (34)
and U(1) gauge potential Aµ,
At = −e(At −NϕAϕ) +mNϕ, Aρ = 0. (35)
The effective U(1) gauge symmetry here consists of two pieces: the first one came from the
original electromagnetic gauge field of the ACGL black hole (29) while the second one is
again a result of the axial isometry of the ACGL black hole.
Now ignoring the classically irrelevant ingoing modes near the horizon we will find that
the anomalies arising in the chiral theory account for the Hawking fluxes of the black hole.
First, following [6] for the metric (34) the anomaly for the energy-momentum tensor at the
horizon gives a flux of massless blackbody radiation at the temperature TH =
1
4pi
∂ρf |ρo.
Thus it follows that the Hawking temperature of the ACGL black hole is given by
TH =
1
4π
∂ρf |ρo =
1
4π
ζr∂ρN
2|ρo =
µEβ
2
2π
ρo
rh
, (36)
where rh = r(ρ0) = [ρ0 + (1 − β2)ω]/
√
1− β2. This result agrees with the one given in
[23] where the Hawking temperature was calculated as the surface gravity at the horizon
κ = nρ∂ρN |ρ0 (where nρ =
√
gρρ = ζrN) divided by 2π.
Next, we proceed to calculate the fluxes of electric charge, angular momentum, and
energy-momentum tensor from gauge and gravitational anomalies at the horizon. For a
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metric of the form (34) and with an effective U(1) gauge potential as in (35) the flux of
electric charge is
− e
2π
At(ρ0) = − e
2π
[−e(At −NϕAϕ) +mNϕ] |ρ0
=
e
2π
[e(At(ρ0) + ΩHAϕ(ρ0)) +mΩH ] , (37)
where ΩH = −Nϕ(ρ0) is the angular velocity at the horizon. As the Killing vector of the
ACGL black hole is ξ = ∂t + ΩH∂ϕ, the corotating electrostatic potential is,
Φ = ξµAµ|ρ0 = At(ρ0) + ΩHAϕ(ρ0)
which shows that (37) agrees with the standard result (2). Similarly, we find for the ACGL
black hole, that the flux of angular momentum is
− m
2π
At(ρ0) = m
2π
[eΦ +mΩH ] , (38)
and the flux of energy-momentum is
1
4π
A2t (ρ0) +N rt (ρ0) =
1
4π
[eΦ +mΩH ]
2 +
π
12
T 2H . (39)
We note that (38) and (39) are also seen to agree with the standard results (3) and (4)
respectively.
V. CONCLUSION-DISCUSSION
In this Letter we have applied the method of anomalies cancelation to derive the Hawking
temperature and fluxes of the ACL and ACGL black holes of topologically massive gravity
and gravito-electrodynamics. It was shown that near the horizon the quantum field behaves
as an infinite set of two-dimensional conformal fields labeled by only one quantum number.
The effective two-dimensional theory near the horizon is described by charged matter fields
in an electric field. In particular, for both black holes, the azimuthal symmetry lead to a
U(1) gauge symmetry for each partial field mode and the respective U(1) charge is given
by the corresponding azimuthal quantum number. Upon suppressing classically irrelevant
ingoing modes, we have calculated the Hawking temperature and fluxes of the black holes
from the gauge and gravitational anomalies that arise in the chiral theory. The results found
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are consistent with the surface gravity formula and the fluxes obtained from integrating the
Planck distribution, respectively.
The method of Wilczek et al. adopted here uses only quantum anomalies at the horizon
and therefore it is quite universal, in the sense that it does not depend on the details of
the quantum fields away from the horizon. The success of the method though crucially
relies on the dimensional reduction of the d-dimensional action (for the scalar field used to
probe a particular d-dimensional black hole background) to the 2-dimensional ones on the
(ρ, t) plane. Therefore, the important equations of this Letter are equations (17) and (33)
which ensure that the rest of the method will yield fluxes in complete agreement with the
Planckian ones. The anomaly method has been applied to a large number of black objects
to date [8], but the cases in this Letter are new in that it is the first time black holes from
topologically massive gravity are considered using this method.
In general, it is not clear a priori for any black hole in any number of dimensions and
coming from any theory of gravity that the dimensional reduction for the probing scalar
field is at all possible, or even if possible, that it will yield such two-dimensional actions (i.e.
with such an f(ρ) and such an effective U(1) gauge field At), that the anomaly cancelation
method will give correct Hawking fluxes. Though not well understood why, it seems it is
always possible to reduce a scalar field action in the background space-time of a black hole
to an infinite sum of two-dimensional conformal field actions near the horizon. Therefore,
an important development would be establishing the reduction of the action in general, for
every black hole, so that a case by case application is no longer necessary. The ADM form of
the black holes in this Letter suggests that such a general reduction may actually be possibly
performed for a general ADM metric describing a black hole. Making sure that the metric
actually describes a black hole is crucial and amounts to putting certain assumptions on the
lapse and the shifts along the lines in [24]. Work in that direction is in progress.
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Note added : After completion of this work the preprint [25] appeared in the arXiv which
has some overlap with Section III. In [25] the authors obtain the Hawking fluxes using the
covariant methods of [12] and the results agree with the ones obtained here in section III
following the original method of [6, 7, 8].
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